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Abstract— In this paper the synthesis of a rotational speed 
closed-loop control system based on a fractional-order 
proportional-integral (FOPI) controller is presented. In parti-
cular, it is proposed the use of the SCoMR-FOPI procedure as the 
controller tuning method for an unmanned aerial vehicle’s 
propulsion unit. In this framework, both the Hermite-Biehler 
and Pontryagin theorems are used to predefine a stability region 
for the controller. Several simulations were conducted in order to 
try to answer the questions – is the FOPI controller good enough 
to be an alternative to more complex FOPID controllers? In what 
circumstances can it be advantageous over the ubiquitous PID? 
How robust this fractional-order controller is regarding  
the parametric uncertainty of considered propulsion unit model? 
Keywords— fractional-order controller; speed controller; FOPI 
controller; linear BLDC motor model; propulsion unit; motor-rotor 
model; Hermite-Biehler and Pontryagin theorems 
I.  INTRODUCTION 
There are two main objectives when designing a controller 
system: to ensure the control system stability and subsequently 
to provide the highest possible control precision in the presence 
of disturbances and uncertainties. Those subjects have been 
addressed by many researchers working on unmanned aerial 
vehicles (UAVs) – especially within several contexts such  
as the control algorithms [1],[9], optimization of the UAV’s 
construction [3] or ensuring fault-tolerant control [20]. Many  
of those solutions are inspired on ideas used for fixed-wing 
UAVs [7],[27].  
Bearing in mind the cascade control structure used  
in UAVs, it is impossible to think about mission planning [18] 
or flights autonomy [6],[21] without ensuring appropriate 
solutions in the lower layers of a control architecture (position 
and orientation control). At this bottom level one can find the 
system known as Electronic Speed Control (ESC). This module 
is responsible to drive the DC motor via appropriately fast 
changes of Pulse Width Modulation (PWM) duty cycles, 
leading to the generated thrust and torque. Therefore, it is 
important to use appropriate motor-rotor units [28], with the 
proper sizes [5], proper arrangements [2] and appropriate 
controller type. It should be noted that this is the fastest control 
loop in the architecture of multirotor UAVs, which leads to the 
highest time requirements and saturations to be met. 
II. PROBLEM STATEMENT 
The rotational speed control is a deeply investigated 
problem, but it is still an open area regarding the application  
of modern techniques based on control theory. For UAVs there 
are a myriad of distinct control systems approaches, some more 
complex and others simpler but with higher efficiency. In the 
literature a bigger attention is given to this second type due to 
several reasons such as its potential applicability in the lowest 
layer of rotational speed control and simplicity regarding its 
mathematical formulation. Regarding this concept and the 
currently used solutions, the main idea aroses: why not to 
extend the high flexibility and simplicity of Proportional-
Integral-Derivative (PID) control to fractional-order’s 
counterpart to improve the control quality by using its leading 
advantage. Namely the possibility of more accurate shape 
fitting of closed loop system’s frequency characteristics, not 
restricted only to 20log(gain). This can be attained by the 
introduction of fractional-order in the notation of integrator  
and differentiator polynomials parts of controller. Thus, one 
obtains two additional design parameters (orders of the 
integrator and differentiator: λ and μ). Their choice depends  
on the shape of time and frequency characteristics of the 
closed-loop control system [13]. 
In the paper [14], the author proposed a controller in the 
PIλDμ (FOPID – Fractional-Order PID) structure for the 
problem described in Sections 2-3. The main difficulty (but 
respectively, as it is shown, also the possibility) in the proposed 
solution is the controller tuning with five separate degrees  
of freedom (controller sets). According to the defined cost 
function by using particle swarm optimization algorithm (see 
[13]), it is possible to ensure the tracking of reference signal 
(rotational speed of motor-rotor unit model used in UAVs)  
in a more efficient way than for the PID and CDM (Coefficient 
Diagram Method) controllers. Results are presented in [11]. 
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The two main problems observed in the previous solutions 
were the need to tune the five controller parameters and the 
lack of clear proposals for methods of the stability assurance, 
analysis and assessment in the procedure for the control system 
synthesis with the proposed controller type. In order to meet 
these problems, in the present work, a simpler controller 
structure is used: PIλ (or alternatively named FOPI), to verify  
if by using its advantages, it is possible to propose an efficient 
controller, with better performance than PID and FOPID.  
The second issue is to answer to the question: how robust is 
this controller on parametric uncertainty? Such a comparative 
analysis and research are proposed for the first time and are the 
novelty and contribution of this paper. 
The paper is organized as follows – in Section III, SCoMR-
FOPI procedure is defined and explained. A synthetic 
information about propulsion unit model proposed for tests is 
provided in Section IV. In Sections V and VI, theory about 
fractional-order controllers and Hermite-Biehler and Pontry-
agin Theorems, is presented. Section VII describes FOPI 
controller synthesis and the system stability analysis. Last two 
sections provide information about conducted tests  
and conclusion. 
III. SCOMR-FOPI PROCEDURE 
The most general form of the procedure/algorithm  
for modeling motor-rotor units and for the closed-loop system 
synthesis, here named SCoMR-FOPI (Modeling and Rotational 
Speed Control of Motor-Rotor Unit) with the FOPI type 
controller, assumes the form: 
1. Record the possible time characteristics of motor-rotor 
unit for various types of reference/input signals. 
2. By using parametric estimation methods  
(i.e. Küpfmüller, Strejc or graphical method) define/calculate 
the parameters values for the predefined plant model structure 
(i.e. transfer function structure) and perform the model 
validation on other recorded data sets from test bed. 
3. For the controller in the FOPI structure described by the 
transfer function, use the Hermite-Biehler and Pontryagin 
theorems to find the controller gains of KP, KI and degree  
of integrator part’s polynomial λ, for which the closed-loop 
control system is stable. 
4. For the designated search space (KP, KI and λ) use the 
chosen algorithm to find the optimum value of the cost 
function (for example: minimum of the Integral of Absolute 
Error – IAE or minimum of the Integral of Squared Error – 
ISE). 
5. Generate time courses for some of best results (those 
with small values of cost function). 
6. Select the solution (KP, KI and λ set value) for which  
the time courses meet the expectations (for example: one that 
provides small/no overshoot, short lag/settling time, small/no 
control error, etc.). 
NOTE: Because the controller set search is based on integral 
quality indicators and they do not take directly into account  
the shape of the generated time courses of closed-loop system 
(only describe the numerical deviation between the output 
signal and the reference one), there is a strong need for use the 
steps 5 and 6 of the SCoMR-FOPI algorithm. In the following 
sections, more details on each algorithm step, are presented.  
IV. MODEL OF PROPULSION UNIT 
 In order to fulfil the needs of rotational speed control  
in a real ESC system, a special test bed was conducted at the 
Institute of Control and Information Engineering of the Poznan 
University of Technology. Based on the recorded time courses 
(relation between the motor angular speed and the applied 
voltage [11]), one can assume the existence of a motor-rotor 
unit mathematical model that describes well enough the device 
dynamics. Regarding previous studies and experiences,  
a number of differentiated models were proposed, subsequently 
conditioning the control law and the controller type, which can 
be used to build the control system. Examples can be found  
in several works. In [11] an approximation of motor-rotor unit 
dynamics by linear second-order inertial model was proposed. 
Authors of references [14-16] designed a first-order inertia 
model with pure time delay, which can be approximated by the 
second-order inertial model. In [24] the second-order inertial 
plant model with time delay was developed. In [12] a fuzzy 
model of coaxial propulsion unit (first-order inertial element 
with the varying time constant) was defined. 
 It was decided to record characteristics of the AXI 2814/12 
GOLD LINE BLDC motor from T-Model Motors company 
with three-bladed propeller GWS-HD9050x3-SW 9x5”. More 
details about the used test bed, dedicated DYNO Terminal 
software and acquisition works, are provided in [11]. Also, in 
[13], a comprehensive physical characteristic and justification 
for the choice of that particular motor-rotor unit, are provided. 
From the tests performed to obtain the transfer function of the 
motor-rotor model (relations between angular speed Ω  
and applied voltage V), one decided to use a first-order inertial 
model with transport delay L: 
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and two approximation approaches with the use of: 
- IDENT library of MATLAB® software, 
- ad-hoc graphical method (Küpfmüller) and arbitrary 
selection of the model parameters.  
From validation experiments, better curve fitting and, as a 
result, parameters of motor-rotor unit model’s transfer function, 
provided the second method. 
V. FOPI CONTROLLER THEORETICAL BACKGROUND 
Theoretical basics of fractional calculus are presented  
in [10] and [19]. Examples of fractional-order control 
applications in relation to position/orientation control  
of multirotor UAVs can be found in [26] and more examples  
of such controllers’ synthesis in the work [10]. In the articles 
[22] and [23], information about time and frequency domain 
analysis are, respectively, provided.  
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 According to [10] fractional calculus is a generalization  
of differentiation and integration to non-integer order 
fundamental (continuous integro-differential) operator rta D  
defined as:  
( )
( )
( ) ( )
,
0
01
0







<ℜ
=ℜ
>ℜ
=
 − rd
r
r
dt
d
D
t
a
r
r
r
r
ta
τ
 (2) 
where a and t are operation limits and r is the operation order 
(usually r is a real value). 
 From the Riemann-Liouville definition of the fractional 
differo-integral:  
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for nrn <<− 1  where ( )⋅Γ  is the Euler’s Gamma function,  
in analogy to integer-order systems, for non-integer order 
systems, one may use the Laplace transform of equation (3), 
which is defined as:  
( ) ( ) ( ) 
∞
−
=
=
−−−
−=
0
1
0
0
1
00
n
k
t
kr
t
krr
t
st tfDssFsdttfDe  (4) 
for nrn <<− 1 , where s denotes the Laplace transform 
variable and s=jω. 
 From the equation (4), it is hence possible to set  
the structure of FOPI controller type to the form of transfer 
function:  
( ) ,λ−+= sKKsC IP  (5) 
where KP is the proportional gain, KI – integration gain and λ  
is a positive real number. 
 The quasi-polynomial δ(s), which describes the closed-loop 
characteristic equation of the system from Fig. 1 is given by:  
( ) ( ) .0100 asaesKbKbs sLIP +++= −− λδ  (6) 
In order to find the controller parameters sets, Hermite-Biehler 
and Pontryagin theorems are used. 
 
Fig. 1. Block diagram of closed-loop control system with the FOPI controller 
type and motor-rotor model 
 
VI. HERMITE-BIEHLER AND PONTRYAGIN THEOREM 
Theorem 1. Hermite-Biehler Theorem ([8],[17]). 
Let δ be a complex function of ω described by equation: 
( ) ( ) ( ),*** ωδωδωδ ir jj +=  (7) 
where ( )ωδ *r  and ( )ωδ *i  represent the real and imaginary 
parts of ( )ωδ j* . The ( )ωδ j*  is stable if:  
1) ( )ωδ *r  and ( )ωδ *i  only have simple real roots and these 
are interlaced;  
2) ( ) ( ) ( ) ( ) 0*'***' >− ωδωδωδωδ riri , for some ߱=߱ ̅  
in (−∞,+∞),  
Where ( )ωδ *'i  and ( )ωδ *'r  are the derivatives of ( )ωδ *i   
and ( )ωδ *r  with respect to ω. An important step is to ensure 
that ( )ωδ *i  and ( )ωδ *r  only have real roots. This can be 
achieved by applying the Pontryagin Theorem. 
Theorem 2. Pontryagin Theorem  
Let ( )s*δ  be described by the equation (7) assuming s=jω. 
To assure that ( ) 0* =ωδ i  and ( ) 0* =ωδ r  only have real 
roots, it must be assured that in intervals 
,...,3,2,122 =+≤≤+− lll ηπωηπ  (8) 
( )ωδ *i  and ( )ωδ *r  have exactly 4lN+M roots. For situations 
where characteristic equation is of fractional order,  
the ( )ωδ *i  and ( )ωδ *r  must have 4l([N]+1)+[M]+1 roots, 
where […] represents the integer part, and N and M are taken 
as degree of the numerator and denominator polynomials  
of the integer part. 
Proofs can be found in [8]. 
      As it is shown in [24], it is necessary to rewrite the δ(s) 
quasi-polynomial as: 
( ) ( ) .0100* λλδ seasaKbsKbs sLIP +++=  (9) 
Assuming that g=Ls and λ=a/b: 
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Thus, for g=jω, δ*( jω) becomes: 
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Replacing the ejω with cos(ω)+jsin(ω), the real ( )ωδ *r ,  
and imaginary ( )ωδ *i , parts of ( )ωδ *  can be described by:  
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According to the Pontryagin Theorem ( ) 0* =ωδ i   
and ( ) .0* =ωδ r  The parameter KP can be described by:  
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One can rewrite the ( )ωδ *r  as:  
( ) ( ) ( ),0* ωωωδ bKmKb PIr −−=   (15) 
( ) ( ) ,Re /
/
/
ba
ba
ba
L
jm
ω
ω −=  (16) 
( ) ( ) ( ) ( )
( ) ( ) ( ) ( ).Imcossin
Resincos
/
/
/1
0
/
/
/1
0
ω
ω
ω
ω
ω
ω
ω
ω
ωω
sign
L
j
L
a
a
L
j
L
a
ab
ba
ba
ba
ba
ba
ba



+−



+−=
  (17) 
In accordance with [4], the range of parameters KI that assures 
closed-loop stability must met the conditions: 
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Since ( )ωδ *i  is an odd function, it has the root at ω=0.  
Thus, for ω=ω0=0: 
( ) .00* aKb Pi +=ωδ  (19) 
To ensure the interlace property between ( )ωδ *r  and ( )ωδ *i  
one must impose: 
( ) ./00 0000* baKaKb PPi −>=>>+=>>ωδ  (20) 
VII. CONTROLLER SYNTHESIS AND SYSTEM STABILITY 
ANALYSIS 
In order to determine the permissible space of controller 
sets (KP, KI and λ) for which the closed-loop control system 
with FOPI controller is stable, it is proposed to use the integral 
quality indices (IAE and ISE) and, respectively, equation (14) 
and inequality (18) to determine the range of KP and KI 
parameters. The system is stable in accordance with Bounded 
Input Bounded Output (BIBO) criterion, when the conditions 
are met: 
1. The duration of simulation must be the same as the desired 
simulation time set at the process beginning. 
2. Only successfully conducted simulations are considered: 
one needs to verify if the consecutive peaks of the output 
signal y(t) are decreasing by measuring the difference between 
them. In affirmative case, the system is assumed to be stable.  
 
Fig. 2. Stability regions of parameters KP, KI for change of λ values from 0.01 
to 1 for closed-loop control system with plant model (1): ω value from -200  
to 200 (step: 4 rad/s).  
     The search of controller sets from Fig. 2 in the designated 
space (for which the closed-loop control system is stable),  
to find the best tracking quality (KP, KI and λ sets which 
ensure the possibly fast tracking and signal with minimal or no 
overshoot), may be based on recorded values of quality 
indicators (in this paper the IAE), or on another cost function, 
in accordance with selected optimization methods.  
 
Fig. 3. Reference signal (SET) tracking in disturbed (DIST) systems  
(with CDM, PID, FOPID and FOPI controllers) at control signal constraints 
(umax=±6). 
996
 
Fig. 4. IAE values as a function of λ for FOPI controller type. 
 
Fig. 5. KP values as a function of λ for FOPI controller type. 
 
Fig. 6. Stability regions of parameters KP, KI for change of λ values from 0.01 
to 1 for closed-loop control system with nominal plant model (1): ω value 
from -π to π (step: 2π/100). 
 
Fig. 7. Comparison of tracking effectiveness for two FOPI controllers: FOPI1 
(KP=32.27, KI=10.09, λ=0.49, IAE=0.30) and FOPI2 (KP=21.86, KI=14.41, 
λ=0.01, IAE=0.31). 
 
Fig. 8. IAE and ISE values due to the change of a1 and L propulsion unit 
model parameters. 
VIII. COMPARATIVE TESTS RESULTS 
In this paper, results are presented for the model (1)  
from [11], in which b0=1, a0=1, a1=0.04, L=0.35.  
Test I Based on iterative search in stability region from Fig. 2, 
recorded tracking time courses and IAE values for the problem 
illustrated in Fig. 3, FOPI controller sets were selected 
(KP=32.27, KI=10.09, λ=0.49), fulfilling the assumptions from 
the previous section. The FOPI controller effectiveness was 
compared with others from [11] and [14] as depicted in Fig. 3. 
The main aim was achieved: better tracking quality was 
obtained (in the presence of step type disturbances and control 
signal saturation) for the best tunes of PID (details in [14])  
and PI type controllers. As a disadvantage one may regard 
appearing oscillations. 
If the controller sets search relied solely on analysis of IAE 
values, one may conclude that simple P controller type  
is enough for tracking control purposes (83 from 100 best IAE 
values were obtained for KI=0 and λ from 0.01 to 1). However, 
time courses show that overshoot is not decreased to zero.  
In the remaining 17 variants, also the use of the integrator does 
not guarantee the elimination of steady-state error (it should be 
remembered that one must deal here with a fractional-order  
for integrator part of controller). 
 Based on Fig. 4 and Fig. 5, for a similar range of KI values, 
in lower range of λ, it is possible to enforce the improvement 
(decrease) of the IAE (by the increase of KP). In practice, in the 
controller sets search, a useful range of values included:  
KP from 24 to 33, KI from 10 to 40 and λ from 0.49 to 0.79. 
Test II Relative to Test I, a range of ω values was changed 
from –π to π (step: 2π/100) [25]. It was evaluated whether  
the decrease of ω value (and thereby space of sets for which 
closed-loop system is stable), will cause a radical deterioration 
in the reference signal tracking quality. 
The best tracking performance and lowest value of IAE, 
were obtained for sets: KP=21.86, KI=14.41 and λ=0.01. 
Despite the reduction on the search space size for FOPI 
controller sets (see Fig. 6), there was no loss of tracking quality 
(see Fig. 7). 
Test III The controller obtained in Test II was validated  
in a context of robustness on parametric uncertainty (see  
Fig. 8). Model parameters a1 and L were changed up to 25%  
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of nominal values. The robustness is smaller than for nominal 
model, only for simultaneously bigger values of a1 and L, that 
is, IAE and ISE values grow. 
IX. CONCLUSION 
In this paper, the SCoMR-FOPI procedure for control 
system synthesis with the FOPI controller and model of UAV’s 
propulsion unit is proposed, by using the Hermite-Biehler  
and Pontryagin theorems. This method provides the better 
tracking quality than classical PID and CDM controllers. 
However, its performance is less efficient than the fractional 
order PID control. The reduction of the controller parameters 
number from five in FOPID type controller (KP, KI, KD, λ, μ)  
to three in FOPI, has it pros and cons. One may use Hermite-
Biehler and Pontryagin theorems to predefine a stability region 
for controller sets search. The possibility to use two more sets 
(degrees of freedom: KD, μ) on FOPID controller generates 
increased computational complexity. In this field, FOPI 
controller may be an alternative. In fact, it provides high 
robustness and may be used to control a propulsion unit model, 
which parameters vary from real plant parameters.  
 Further research will include discrete version of the 
proposed FOPI controller by Oustaloup approximation  
and optimization techniques to shorten the tuning time. 
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